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Let Pk denote any integer with no more than k prime factors,
counted according to multiplicity. It is proved that for every
suﬃciently large odd integer n ≡ 1 mod 6, the equation p1 +
p2 + p3 = n is solvable in prime variables p1, p2, p3 such that
p1 + 2 = P2, p2 + 2 = P ′2, and for almost all suﬃciently large even
integer n ≡ 2 mod 6, the equation p1 + p2 = n is solvable in prime
variables p1, p2 such that p1 + 2 = P2.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In 1937, Vinogradov proved that for every suﬃciently large odd integer n, the equation
p1 + p2 + p3 = n (1.1)
is solvable in prime variables p1, p2, p3. This means that the ternary Goldbach problem has been
proved fundamentally. Many mathematicians studied whether the equation
p1 + p2 = n (1.2)
is solvable for suﬃciently large even integers n or not. Unfortunately the binary Goldbach problem
is still open. Chen’s theorem [1], a famous approximation to the binary Goldbach problem, states
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usual, here and later, Pk denotes any integer with no more than k prime factors, counted according to
multiplicity. Chen also proved that there exist inﬁnitely many primes p such that p + 2 is P2, which
is the best result on the famous prime-twins conjecture so far.
In this paper, we couple these two problems by proving
Theorem 1. For every suﬃciently large odd integer n ≡ 1 mod 6, Eq. (1.1) is solvable in primes p1, p2, p3 such
that p1 + 2 = P2, p2 + 2 = P ′2 . Let N be suﬃciently large positive number, L = logN, and A > 0 be any given
constant. Then for all even integers n ≡ 2mod 6 in the range N/2 < n N, with at most O (NL−A) exceptions,
Eq. (1.2) is solvable in primes p1, p2 such that p1 + 2 = P2 .
This improves the result of Meng [4], which proved the ﬁrst conclusion of Theorem 1 holds with
p1 + 2 = P3, p2 + 2 = P ′2, and the second conclusion of Theorem 1 holds with p1 + 2 = P3. Here
we correct that maxd,l(n−l)=1 in (1.3) of Meng [4] should be deleted. When all prime variables in
(1.1) are considered, Peneva [6] proved for every suﬃciently large odd integer n ≡ 3(6), Eq. (1.1) is
solvable such that p1 + 2 = P5, p2 + 2 = P5, p3 + 2 = P8. Tolev [8] improved the result of Peneva [6]
to p1 + 2 = P2, p2 + 2 = P5, p3 + 2 = P7.
To prove Theorem 1, we will apply the sieve method and the following mean value theorem.
Theorem 2. Let A > 0 be any given constant, A1, B > 0 be constants satisfying A1 = 41A + 134 and B =
10A + 29, 0 < η < 1 be any given positive constant, and g(v) be a function satisfying 0  g(v)  1, 1 
v < Nη . Denote by l a ﬁxed non-zero integer. Take D = N 12 L−A1 . Then for all even integers n in the range
N/2 < n N, with at most O (NL−A) exceptions, we have
∑
dD
(l(n−l),d)=1
∣∣∣∣ ∑
v<Nη
(v,d)=1
g(v)
( ∑
vp1+p2=n
vp1≡l(d)
log p1 log p2 − Ξ(n)σ (n,d, l, v)
vϕ(d)
)∣∣∣∣A NL−A, (1.3)
where 1 < vp1, p2 < N, the singular product
σ(n,d, l, v) =
∏
p dnv
(
1− 1
(p − 1)2
) ∏
p dv
p |n
(
1+ 1
p − 1
) ∏
p |d
p  (n−l)v
(
1+ 1
p − 1
)∏
p | v
(
1+ 1
(p − 1)2
)
,
is convergent absolutely and  1, and Ξ(n) satisﬁes
Ξ(n) =:
N−1LB∫
−N−1LB
(
N∑
m=1
e(−λm)
)2
e(−λn)dλ = n + O (nL−2). (1.4)
From Theorem 2, we can get the following.
Corollary 3. Under the conditions of Theorem 2, for all even integers n in the range N/2 < n N, with at most
O (NL−A) exceptions, we have
∑
dD
(l(n−l),d)=1
∣∣∣∣ ∑
p1+p2=n
p1≡l(d)
log p1 log p2 − Ξ(n)
ϕ(d)
σ (n,d, l)
∣∣∣∣A NL−A, (1.5)
where σ(n,d, l) = σ(n,d, l,1).
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∑
qnθ
max
(a1,q)=1
∣∣∣∣ ∑
p1+p2+p3=n
p1≡a1(q)
log p1 log p2 log p3 − n
2
2ϕ(q)
S(n)
∣∣∣∣A n2(logn)−A, (1.6)
for any A and any θ < 13 , where S(n) is the singular series. Halupczok [3] improved the above result
and obtained (1.6) holds for θ < 12 .
Notation. The letter p with or without subscripts always denotes prime numbers. If there is no ambiguity, we
express ab as a/b, and m ≡ l (mod d) as m ≡ l(d). The letter C denotes some positive constant, which may
vary at different places.
As usual, ϕ(q), μ(q), Λ(n) stand for the functions of Euler, Möbius and von Mangoldt respectively,
and d(n) stands for the divisor function. The function ν1(n) denotes the number of distinct prime
factors of n. The greatest common divisor of the integers k and l is denoted by (k, l), and the least
common multiple of the integers k and l is denoted by [k, l]. We denote D < d 2D by d ∼ D .
2. Circle method and the minor arcs
In this and the next section, we shall use the circle method to prove Theorem 2. Denote
Q = LB , τ = NQ −1,
M =
⋃
qQ
q⋃
a=1
(a,q)=1
(
a
q
− 1
τ
,
a
q
+ 1
τ
)
,
and
m =
(
− 1
τ
,1− 1
τ
)∖
M.
Here M and m are the so-called major arcs and minor arcs respectively. Suppose that d, l are integers
satisfying (d, l) = 1, (v,d) = 1, 1 v  Nη . Denote
Sd,l(α) =
∑
vpN
vp≡l(d)
g(v)(log p)e(vpα).
Deﬁne
S(α) =
∑
pN
(log p)e(pα), M(α) =
∑
1mN
e(αm), (2.1)
and
Id(n, l) =:
∑
[ ]
g(v) log p1 log p2.
Here ‘[ ]’ means that the sum is over vp1+ p2 = n, vp1 ≡ l(d), 1 < vp1, p2 < N , 1 v < Nη , (v,d) = 1.
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Id(n, l) =
1− 1τ∫
− 1τ
Sd,l(α)S(α)e(−nα)dα
=
( ∫
M
+
∫
m
)
Sd,l(α)S(α)e(−nα)dα
=: IMd (n, l) + Imd (n, l).
Let
EM =:
∑
dD
(l(n−l),d)=1
∣∣∣∣IMd (n, l) − ∑
v<Nη
g(v)
v
Ξ(n)σ (n,d, l, v)
ϕ(d)
∣∣∣∣, (2.2)
and
Em =:
∑
dD
(l,d)=1
∣∣Imd (n, l)∣∣. (2.3)
Let E denote the sum on the left-hand side of (1.3). Then we have
E  EM + Em. (2.4)
By (2.4), to prove Theorem 2, it suﬃces to prove that for all but O (NL−A) even integers n in the
range N/2 < n N , the estimates
EM  NL−A, (2.5)
and
Em  NL−A (2.6)
hold.
Our deﬁnition of the major and minor arcs is not the standard one. This is done to simplify
the treatment of the major arcs later. We shall use some methods and results in Halupczok [3] to
prove (2.6). The usual deﬁnition of the major and minor arcs is used by Halupczok [3]. However, we
ﬁnd that Halupczok’s method can also be applied to treat our kind of minor arcs, since Theorem 3.1
in [9] gives estimation of maxα∈m S(α) for both kinds of minor arcs, and the other tools applied in [3]
can also be used here. Deﬁne
J2(m) =:
∑
p1−p2=m
2<p1,p2<N
log p1 log p2, |m| < N,
and
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1− 1τ∫
− 1τ
S(α)S(−α)e(−mα)dα
=
( ∫
M
+
∫
m
)
S(α)S(−α)e(−mα)dα
=: JM2 (m) + Jm2 (m), (2.7)
instead of the deﬁnition of J2(m) at the beginning of Section 3 in Halupczok [3]. For Jm2 (m), there
are two bounds similar to (1) and (2) in [3]. First the trivial one
Jm2 (m) 
1∫
0
∣∣S(α)S(−α)∣∣dα  NL,
and secondly, using Bessel’s inequality,
∑
m<N
∣∣ Jm2 (m)∣∣2  ∫
m
∣∣S(α)∣∣2∣∣S(−α)∣∣2 dα  max
α∈m
∣∣S(−α)∣∣2 ∫
m
∣∣S(α)∣∣2 dα
 NL · N2L−B+8  N3L−B+9.
For the last estimation of |S(α)| on m, see Theorem 3.1 in [9], for example.
Let 1 < D1  D . Since by Bessel’s inequality∑
N/2<nN
∣∣Imd (n, l)∣∣2  ∫
m
∣∣Sd,l(α)S(α)∣∣2 dα,
we have
∑
N/2<nN
∣∣Em∣∣2  ∑
N/2<nN
( ∑
d<D
(l,d)=1
∣∣Imd (n, l)∣∣)2
 max
D1
∑
N/2<nN
∑
d∼D1
(l,d)=1
∣∣Imd (n, l)∣∣2 · D1L2
 max
D1
∑
d∼D1
(l,d)=1
∫
m
∣∣Sd,l(α)S(α)∣∣2 dα · D1L2. (2.8)
By the theory of Fourier series, we have
Sd,l(α)Sd,l(−α) =
+∞∑
m=−∞
cme(mα),
where
cm =
1∫
Sd,l(α)Sd,l(−α)e(−mα)dα.0
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cm =
1∫
0
Sd,l(α)Sd,l(−α)e(−mα)dα =
∑
v1p1−v2p2=m
v1p1,v2p2≡l(d)
1<v1p1,v2p2N
g1(v1)g2(v2) log p1 log p2.
We have cm  0, and cm = 0 unless |m| N and m ≡ 0(d). So we can write
Sd,l(α)Sd,l(−α) =
∑
|m|N
m≡0(d)
cme(mα).
By the above, we have∫
m
∣∣Sd,l(α)S(α)∣∣2 dα = ∫
m
Sd,l(α)Sd,l(−α)S(α)S(−α)dα
=
∫
m
S(α)S(−α)
∑
|m|N
m≡0(d)
cme(mα)dα
=
∑
|m|N
m≡0(d)
∫
m
S(α)S(−α)e(mα)dα · cm
=
∑
|m|N
m≡0(d)
∫
m
S(α)S(−α)e(mα)dα
1∫
0
Sd,l(α)Sd,l(−α)e(−mα)dα. (2.9)
Trivially, we have
1∫
0
Sd,l(α)Sd,l(−α)e(−mα)dα  Nd L
2.
By the above, (2.7), (2.8) and (2.9), we have∑
N/2<nN
∣∣Em∣∣2  max
D1
D1L
4
∑
d∼D1
N
d
∑
|m|<N
m≡0(d)
∣∣ Jm2 (m)∣∣. (2.10)
By the formula next to (2) in [3] and its following proof in sections 3 and 4 in [3], we get
max
D1
∑
d∼D1
∑
|m|<N
m≡0(d)
∣∣ Jm2 (m)∣∣ N2L−3A−4,
provided that B = 10A + 29.
By the above, the partial summation formula and (2.10), we get∑
N/2<nN
∣∣Em∣∣2  N3L−3A . (2.11)
So far, by (2.11), for all but O (NL−A) even integers n in the range N/2 < n N , (2.6) holds.
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In this section, we show that (2.5) holds. By Lemma 3.1 in Vaughan [9], we have
S
(
a
q
+ λ
)
= μ(q)
ϕ(q)
M(λ) + O (Ne−C√L).
Now we consider Sd,l(
a
q + λ). We are going to ﬁnd an asymptotic formula with an error term which
is small on the average. We have
Sd,l(
a
q
+ λ) =
∑
vpN
vp≡l(d)
(p,q)=1
+
∑
vpN
vp≡l(d)
(p,q)>1
g(v)(log p)e
(
vp
(
a
q
+ λ
))
=
∑
vpN
vp≡l(d)
(vp,q)=1
+
∑
vpN
vp≡l(d)
(v,q)>1, p q
g(v)(log p)e
(
vp
(
a
q
+ λ
))
+ O (NηL2/d)
=: Ŝd,l
(
a
q
+ λ
)
+ S˜d,l
(
a
q
+ λ
)
+ O (NηL2/d). (3.1)
Consider Ŝd,l(
a
q + λ). We have
Ŝd,l
(
a
q
+ λ
)
=
∑
1mq
(m,q)=1
m≡l((d,q))
e
(
a
q
m
)
Td,l,m(λ), (3.2)
where
Td,l,m(λ) =
∑
vp<N
vp≡l(d)
vp≡m(q)
g(v)(log p)e(vpλ) =
∑
vp<N
vp≡ f ([d,q])
g(v)(log p)e(vpλ).
Here we have used the elementary theory of congruences, and f = f (d, l,m,q) is an integer such that
( f , [d,q]) = 1, and for any integer u ≡ f ([d,q]) is equivalent to the system u ≡ l(d), u ≡m(q).
Denote
(x,h) = max
yx
max
(l,h)=1
∣∣∣∣ ∑
v<yη
(v,h)=1
g(v)
( ∑
vpy
vp≡l(h)
log p − y
vϕ(h)
)∣∣∣∣. (3.3)
We use Abel’s summation formula and obtain
Td,l,m(λ) = −
N∫
2
( ∑
vp<y
vp≡ f ([d,q])
g(v) log p
)
d
dy
e(λy)dy +
( ∑
vp<N
vp≡ f ([d,q])
g(v) log p
)
e(λN)
= −
N∫ (∑
v
g(v)y
vϕ([d,q]) + O
(

(
N, [d,q]))) d
dy
e(λy)dy2
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(∑
v
g(v)N
vϕ([d,q]) + O
(

(
N, [d,q])))e(λN)
=
∑
v
g(v)
vϕ([d,q])
(
−
N∫
2
yde(λy) + Ne(λN)
)
+ O ((1+ |λ|N)(N, [d,q]))
=
∑
v
g(v)
vϕ([d,q])
N∫
2
e(λy)dy + O ((1+ |λ|N)(N, [d,q]))
= 1
ϕ([d,q])
∑
v
g(v)
v
M(λ) + O (Nη)+ O ((1+ |λ|N)(N, [d,q])). (3.4)
Here and in the sequel,
∑
v means that the sum is over 1 v < Nη and (v,dq) = 1.
Since |λ| τ−1, we get
Td,l,m(λ) = 1
ϕ([d,q])
∑
v
g(v)
v
M(λ) + O (Nη)+ O((1+ N
τ
)

(
N, [d,q])). (3.5)
Inserting (3.5) into (3.2), we get
Ŝd,l
(
a
q
+ λ
)
= cd,l(a,q)
ϕ([d,q])
∑
v
g(v)
v
M(λ) + O (Q 2L(N, [d,q]))+ O (Q NηL/d), (3.6)
where
cd,l(a,q) =
∑
1mq
(m,q)=1
m≡l((d,q))
e
(
am
q
)
. (3.7)
Trivially, we have
Ŝd,l(α)  NLd−1. (3.8)
By (3.1) and (3.6)–(3.8), we have
Ŝd,l
(
a
q
+ λ
)
S
(
a
q
+ λ
)
e
(
−n
(
a
q
+ λ
))
= μ(q)cd,l(a,q)
ϕ(q)ϕ([d,q]) e
(
−a
q
n
)∑
v
g(v)
v
M2(λ)e(−nλ)
+ O
(
N2e−C
√
L
d
)
+ O
(
Q 2NL
ϕ(q)

(
N, [d,q])).
So by the above
ÎMd (n, l) :=
∑
qQ
q∑
a=1
(a,q)=1
1
τ∫
− 1τ
Ŝd,l
(
a
q
+ λ
)
S
(
a
q
+ λ
)
e
(
−n
(
a
q
+ λ
))
dλ
=
∑
qQ
q∑
a=1
(a,q)=1
μ(q)cd,l(a,q)
ϕ(q)ϕ([d,q]) e
(
−a
q
n
) 1τ∫
− 1
∑
v
g(v)
v
M2(λ)e(−nλ)dλτ
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(
Ne−C
√
L
d
)
+ O
( ∑
qQ
L4B+1
ϕ(q)

(
N, [d,q]))
=
∑
qQ
q∑
a=1
(a,q)=1
μ(q)cd,l(a,q)ϕ(d)
ϕ(q)ϕ([d,q]) e
(
−a
q
n
)
·
∑
v<Nη
(v,qd)=1
g(v)
v
Ξ(n)
ϕ(d)
+ O
(
Ne−C
√
L
d
)
+ O
( ∑
qQ
L4B+1
ϕ(q)

(
N, [d,q])). (3.9)
Now we prove (1.4). Obviously
1
2∫
− 12
(
N∑
m=2
e(λm)
)2
e(−λn)dλ =
∑
n=m1+m2
2m1,m2N
1 = n + O (1). (3.10)
By the estimate (see p. 68 in [5], for example) for α ∈ [0,1), ∑Nm=2 e(αm)  min(N,1/α), we have
− 1τ∫
− 12
(
N∑
m=2
e(λm)
)2
e(−λn)dλ  τ , (3.11)
and
1
2∫
1
τ
(
N∑
m=2
e(λm)
)2
e(−λn)dλ  τ . (3.12)
By the above and (3.10), (1.4) follows.
Consider S˜d,l(
a
q + λ). For (v,q) = t > 1, we write v = v1t,q = q1t . We have
S˜d,l
(
a
q
+ λ
)
=
∑
t>1
∑
v1tpN
v1tp≡l(d)
(v1p,q1)=1
g(v1t)(log p)e
(
v1tp
(
a
q1t
+ λ
))
. (3.13)
Similarly as the discussions (on Ŝd,l(
a
q + λ)) (3.2)–(3.9), we have
I˜Md (n, l) :=
∑
qQ
q∑
a=1
(a,q)=1
1
τ∫
− 1τ
S˜d,l
(
a
q
+ λ
)
S
(
a
q
+ λ
)
e
(
−n
(
a
q
+ λ
))
dλ
=
∑
tQ
∑
q1Q /t
q1t∑
a=1
(a,q1t)=1
μ(q)cd,l(a,q1)ϕ(d)
ϕ(q)ϕ([d,q1]) e
(
− a
q1t
n
)
·
∑
v1t<Nη
g(v1t)
v1t
Ξ(n)
ϕ(d)
+ O
(
Ne−C
√
L
d
)
+ O
( ∑
qQ
L4B+1
ϕ(q)

(
N, [d,q]))
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∑
qQ
∑
v<Nη
(v,q)>1
(v,d)=1
q∑
a=1
(a,q)=1
μ(q)cd,l(a,q/(v,q))ϕ(d)
ϕ(q)ϕ([d,q/(v,q)]) e
(
−a
q
n
)
· g(v)
v
Ξ(n)
ϕ(d)
+ O
(
Ne−C
√
L
d
)
+ O
( ∑
qQ
L4B+1
ϕ(q)

(
N, [d,q])). (3.14)
For (v,q) = 1 in (3.9) and (v,q) > 1 in (3.14), by these and (3.1), we get
IMd (n, l) = ÎMd (n, l) + I˜Md (n, l) + O
(
NηQ 2L2/d
)
=
∑
qQ
∑
v<Nη
(v,d)=1
q∑
a=1
(a,q)=1
μ(q)cd,l(a,q/(v,q))ϕ(d)
ϕ(q)ϕ([d,q/(v,q)]) e
(
−a
q
n
)
· g(v)
v
Ξ(n)
ϕ(d)
+ O
(
Ne−C
√
L
d
)
+ O
( ∑
qQ
L4B+1
ϕ(q)

(
N, [d,q]))+ O (NηQ 2L2/d). (3.15)
Here we have used the fact that the measure of the major arcs is  Q 2N−1.
Let
bd,l,v(q) =
q∑
a=1
(a,q)=1
cd,l
(
a,q/(v,q)
)
e
(
−a
q
n
)
. (3.16)
Since (d,n − l) = 1, and by (20) in Tolev [7], we have
bd,l,v(p) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
−1, if p | v,
1, if p dnv,
1− p, if p dv, p |n,
−1, if p |d, p  (n − l)v,
0, if p |d, p |n − l, p  v,
(3.17)
and bd,l,v(q) is a multiplicative function of q. Thus the series in (3.9) can be written as
∑
qQ
μ(q)bd,l,v(q)ϕ(d)
ϕ(q)ϕ([d,q/(v,q)]) = σ(n,d, l, v) −
∑
q>Q
μ(q)bd,l,v (q)ϕ(d)
ϕ(q)ϕ([d,q/(v,q)])
= σ(n,d, l, v) −
∑
q>Q
μ(q)bd,l,v (q)ϕ((dv,q))
ϕ2(q)
. (3.18)
We now show
∑
q>Q
μ(q)bd,l,v(q)ϕ((dv,q))
ϕ2(q)
 d3(n)d2(dv)Q −1. (3.19)
By (3.17), we obtain that the sum on the left-hand side of (3.19) is
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∑
q>Q
∣∣∣∣μ(q)ϕ((q,n))ϕ((dv,q))ϕ2(q)
∣∣∣∣
=
∑
t|n
μ2(t)
ϕ(t)
∑
u>Q /t
(u,n/t)=1
μ2(u)
ϕ2(u)
ϕ
(
(dv, tu)
)
=
∑
t|n
μ2(t)
ϕ(t)
ϕ
(
(dv, t)
) ∑
u>Q /t
(u,n/t)=1
μ2(u)
ϕ2(u)
ϕ
(
(dv,u)
)

∑
e|dv
e|n
μ2(e)
ϕ(e)
∑
f |n
( f ,dv/e)=1
μ2( f )
ϕ2( f )
∑
g|dv
μ2(g)
ϕ(g)
∑
h>Q /ef g
μ2(h)
ϕ2(h)
 Q −1
∑
e|dv
e|n
μ2(e)e
ϕ(e)
∑
f |n
( f ,dv/e)=1
μ2( f ) f
ϕ2( f )
∑
g|dv
μ2(g)g
ϕ(g)
 Q −13ν1(n)d(n)3ν1(dv)
 d3(n)d2(dv)Q −1  d3(n)d2(d)d2(v)Q −1.
By (3.15), we have
IMd (n, l) =
∑
v<Nη
g(v)
nσ(n,d, l, v)
vϕ(d)
+ O
( ∑
v<Nη
d2(d)d2(v)d3(n)
vϕ(d)
NQ −1
)
+ O
(
Ne−C
√
L
d
)
+ O
( ∑
qQ
L4B+1
ϕ(q)

(
N, [d,q]))+ O(Nη
d
Q 3L2
)
. (3.20)
Now we prove that the O -terms on the right-hand side of (3.20) are acceptable, when inserting
into the left-hand side of (2.5). We have (see Lemma 3.2 in [5], for example)∑
nx
dr(n) r x(log x)2r−1, (3.21)
and
∑
nx
d2(n)
ϕ(n)
 log5 x. (3.22)
By (3.21), we obtain that for all but O (NQ −1LA+17) even integers n in the range N/2 < n N ,
d3(n) < Q L−A−10 (3.23)
holds. Thus by (3.23), for all but O (NL−A) even integers n in the range N/2 < n N , we have
∑
dD
∑
v<Nη
d2(d)d2(v)d3(n)
vϕ(d)
NQ −1  NL−A . (3.24)
So the ﬁrst O -term in (3.20) is acceptable.
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∑
dD
Ne−C
√
L
d
 NL−A, (3.25)
which means the second O -term in (3.20) is acceptable.
Now we consider the third O -term in (3.20). We have
∑
dD
∑
qQ
L4B+1
ϕ(q)

(
N, [d,q])= L4B+1 ∑
hDQ
w(h)(N,h), (3.26)
where
w(h) =
∑
dD
∑
qQ
[d,q]=h
1
ϕ(q)
.
We have
w(h) =
∑
kQ
∑
dD
∑
qQ
(d,q)=k
dq=hk
1
ϕ(q)

∑
kQ
∑
qQ
q≡0(k)
1
ϕ(q)

∑
kQ
∑
qQ /k
1
ϕ(qk)
 L2.
By the Bombieri–Vinogradov theorem (see [5], for example), we have
∑
dx1/2 log−A−15 x
(x,d)  x log−A x. (3.27)
By (3.26)–(3.27), we have
∑
dD
∑
qQ
L4B+1
ϕ(q)

(
N, [d,q]) NL−A, (3.28)
provided that A1 = 4B + A + 18 = 41A + 134. So far the third O -term in (3.20) is acceptable. For
0 η < 1, easily we get the last O -term in (3.20) is acceptable.
Combining (3.20), (3.24), (3.25) and (3.28), we obtain (2.5) holds. So far we complete the proof of
Theorem 2.
4. Proof of Theorem 1
The ﬁrst conclusion of Theorem 1 follows from the second by a standard argument using Dirichlet’s
pigeonhole principle. So in this section, we only prove the second conclusion of Theorem 1 by the
weighted sieve, which was applied by Chen (see [1,2] or [5], for details).
Deﬁne
A = {a: a = p1 + 2, p1 + p2 = n, 2 < p1, p2 < N}, Ad = {a: a ∈ A, d | a},
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P = {p: p  n + 2}, P (z) =
∏
p<z
p∈P
p.
By Corollary 3 with l = −2, for all but O (NL−A) even integers n in the range N/2 < n N , we have
|Ad| = σ(n,d,−2)
ϕ(d)
H(n) + rd, (d,n + 2) = 1, (4.1)
where H(n) = Ξ(n)(logn)−2(1+ o(1)) = n(logn)−2(1+ o(1)). Write
σ(n,d,−2) = σ1(n,d)σ2(n),
with
σ1(n,d) =
∏
p |d
p n
(
1− 1
(p − 1)2
)−1 ∏
p | (d,n)
(
1+ 1
p − 1
)−1 ∏
p |d
p n+2
(
1+ 1
p − 1
)
,
and
σ2(n) =
∏
p n
(
1− 1
(p − 1)2
)∏
p |n
(
1+ 1
p − 1
)
.
Easily we can see σ2(n) converges absolutely and (logn)−1 < σ2(n) < logn. Set X = H(n)σ2(n), and
ω(d) = dσ1(n,d)
ϕ(d)
, μ(d) = 0, (d,n + 2) = 1. (4.2)
We have ω(d) is multiplicative in d and
ω(p) =
⎧⎪⎨⎪⎩
p
p−2 , if p n, p ∈ P,
p
p−1 , if p |n, p ∈ P
0, otherwise.
(4.3)
In any case, we can see ω(p) satisﬁes conditions (7.8) and (7.33) in [5] with κ = 1.
By Corollary 3 and (4.1), we obtain rd satisﬁes∑
dD
|rd| NL−A, D = N 12 L−A1 .
Similarly as the proof of Corollary 8.3 in [5], and by the above, we can get∑
dD
μ2(d)3ν1(d)|rd| NL−A, D = N 12 L−A1 .
Combining the above, the conditions of Theorem 7.28 in [5] are all satisﬁed, so we can apply
Theorem 7.28 in [5] to prove Theorem 1. Now we have to calculate W (z) in Theorem 7.28 in [5]. By
Theorem 7.11 in [5], it suﬃces to calculate the product
∏
p
(
1− ω(p)
p
)(
1− 1
p
)−1
. (4.4)
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can apply Theorem 7.28 in [5] and the weighted sieve method, which is used to prove Chen’s theorem
(see Chapter 9 in [5], for example).
Let
A[2] = {a ∣∣ a ∈ A, ν2(a) 2}.
Now Theorem 1 reduces to prove
∣∣A[2]∣∣> 0. (4.5)
Deﬁne the weighted sifting function
S(A,P, z,ρ) =
∑
a∈A
(a,P (z))=1
ρ(a),
where
ρ(a) = 1− 1
2
τ1(a) − 1
2
τ2(a),
τ1(a) =
∑
p1 |a, p1 n+2
N
1
10p1<N
1
3
1,
τ2(a) =
{
1, if a = p1p2p3, N 110  p1 < N 13  p2 < p3, (a,n + 2) = 1,
0, otherwise.
Let
S(A,P, z) =
∑
a∈A
(a,P (z))=1
1.
By Lemma 9.3 in [5], we have
∣∣A[2]∣∣ S(A,P,N 110 ,ρ)+ O (N 910 )= S(A,P,N 110 )− 1
2
Ω1 − 1
2
Ω2, (4.6)
where
Ω1 =
∑
N
1
10p1<N
1
3
p1n+2
S
(Ap1 ,P,N 110 ), Ω2 = ∑
a∈A,(a,n+2)=1
(a,P (N
1
10 ))=1
τ2(a).
The treatment of the three terms on the right-hand side of (4.6) is similar as those in Theorems 9.3
and 9.5 in [5]. Here Theorem 2 and Corollary 3 should be applied to handle the error terms instead
of the Bombieri–Vinogradov theorem, Theorem 7.11 in [5] and (4.4) also should be applied to handle
the singular product. Then for all but O (NL−A) even integers n in the range N/2 < n N , we have∣∣A[2]∣∣ 0.62Θ(n)σ2(n)nL−3.
Here 0.62 can be improved by more accurate calculations.
So far (4.5) holds, and we complete the proof of Theorem 1.
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